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Let [0,n] = {0,1,2,---,n} and let T be a tree with n edges. A function g is called a graceful
labeling of T' is g is an injection from the vertices of G to the set [0,n] such that the values

|f(z) — f(v)]| for the n pairs of adjacent vertices =,y are distinct.

For each tree T with n edges we will show the existence of a multivariable polynomial fT(g—f)

(y € R"2+") with the property thatm a graceful labeling if and only if f7-(y) % O((the zero

polynomial).

Label the vertices of T' with the indeterminates zg,z1, - -,2,— from now on we will identify a
vertex by its indeterminate. Arbitrarily assign a direction to each edge in T (this gives us a

directed tree T'). Assume that e; = (m,-l,z,-;) 1 € i < n are the n directed edges of T'. Let

Pr(20, 21, 1 Tn) = Inzi>i>1 (23, — 24,) = (25, — 25,)) - (2, — 74,) — (24, — j,))) and let
fé"(mO!zl: v :mn) = Hﬂ_)_i)jEO(mi - 3:_7) E pT(:EO’Il! e :mﬂ)' Let D = [Ov n’]n+1' Clearly T has a
graceful labeling if and only if f7: D — Z is non-zero at some point in D. R R T

n
Now replace each z; in fp by Zy,-,j. Thus f1 now becomes a new polynomial in the inde-
i=1
2
terminates y0,1,%0,2,* **1¥0,n ¥1,ns """ ¥n, 1, * *, Yn,n- Call this new polynomial fr. Let-Q™ ™" =

{0, 1}“2+"(i.e. Q“2+" is the n% + n dimensional hypercube). It is not difficult to see that T

|
|

2 ) \
has a graceful labeling if and only if fr: Q“2+" — Z is non-zero at some point in Q™ ™. le‘he )

—_—

presence of Il,>is;>0(z; — ;) as a factor in f7 should help convince the reader of this fact.) / .

—

Recall that a polynomial in several variables is multilinear if its degree in each variable is at most
2 Lpny .
1. Since the domain of fr is restricted to Q™ ™™ C R"A(here z? = z;) we may assume that fp is

multilinear.



Now we will make use of the following lemma.

Lemma 1 (Alon and Tarsi [J). Let P = P(zg,z1,---,Zk) be a polynomial in K + 1 variables

over an arbitrary field F. Suppose that the degree of P as a polynomial in z; is at most ¢;
<

for 0 < i < k, and let A #x F be a set of cardinality ¢; + 1. If P(zg,z;,---,2x) = 0 for all

(K + 1)-tuples (zo,---,Tk) € Ao X A1 X --- X Ak, then P =0.
Since fr is multilinear, we see that T has a graceful labeling if and only if fr # 0.
Therefore we have proved the following claim.

Claim. For every tree T with n edges there exists a polynomial fr(y)(ye R“2+“) Such that T

has a graceful labeling if and only if f7(y) # 0.

H. Snevily



